Parking cars of different sizes by Ehrenborg, Richard & Happ, Alex
ar
X
iv
:1
70
8.
09
07
7v
1 
 [m
ath
.C
O]
  3
0 A
ug
 20
17
Parking Cars of Different Sizes
Richard Ehrenborg and Alex Happ
Abstract
We extend the notion of parking functions to parking sequences, which include cars of
different sizes, and prove a product formula for the number of such sequences.
1 The result.
Parking functions were first introduced by Konheim and Weiss [5]. The original concept was
that of a linear parking lot with n available spaces, and n cars with a stated parking preference.
Each car would, in order, attempt to park in its preferred spot. If the car found its preferred
spot occupied, it would move to the next available slot. A parking function is a sequence of
parking preferences that would allow all n cars to park according to this rule. This definition
is equivalent to the following formal definition:
Definition 1.1. Let ~a = (a1, a2, . . . , an) be a sequence of positive integers, and let b1 ≤ b2 ≤
· · · ≤ bn be the increasing rearrangement of ~a. Then the sequence ~a is a parking function if and
only if bi ≤ i for all indexes i.
It is well known that the number of such parking functions is (n+ 1)n−1. This is Cayley’s
formula for the number of labeled trees on n+1 nodes and Foata and Riordan found a bijective
proof [3]. Stanley discovered the relationship between parking functions and non-crossing
partitions [10]. Further connections have been found to other structures, such as priority
queues [4], Goncˇarov polynomials [6] and hyperplane arrangements [11].
The notion of a parking function has been generalized in myriad ways; see the sequence of
papers [2, 6, 7, 8, 12]. We present here a different generalization, returning to the original idea
of parking cars. This time the cars have different sizes, and each takes up a number of adjacent
parking spaces.
Definition 1.2. Let there be n cars C1, . . . , Cn of sizes y1, . . . , yn, where y1, . . . , yn are positive
integers. Assume there are
∑
n
i=1
yi spaces in a row. Furthermore, let car Ci have the preferred
spot ci. Now let the cars in the order C1 through Cn park according to the following rule:
Starting at position ci, car Ci looks for the first empty spot j ≥ ci. If the spaces j
through j + yi − 1 are empty, then car Ci parks in these spots. If any of the spots
j + 1 through j + yi − 1 is already occupied, then there will be a collision, and the
result is not a parking sequence.
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Iterate this rule for all the cars C1, C2, . . . , Cn. We call (c1, . . . , cn) a parking sequence for
~y = (y1, . . . , yn) if all n cars can park without any collisions and without leaving the
∑
n
i=1
yi
parking spaces.
As an example, consider three cars of sizes ~y = (2, 2, 1) with preferences ~c = (2, 3, 1). Then
there are 2 + 2 + 1 = 5 available parking spaces, and the final configuration of the cars is
1 2 3 4 5
C3 C1 C2
All cars are able to park, so this yields a parking sequence.
There are two ways in which a sequence can fail to be a parking sequence. Either a collision
occurs, or a car passes the end of the parking lot. As an example, consider three cars with
~y = (2, 2, 2) and preferences ~c = (3, 2, 1). Then we have 2 + 2 + 2 = 6 parking spots, and the
first car parks in its desired spot:
1 2 3 4 5 6
C1
However, the second car prefers spot 2, and since spot 2 is open, he tries to take spots 2 and 3,
but collides with C1 in the process. Hence, this is not a parking sequence.
If, instead, we had ~y = (2, 2, 2) and ~c = (2, 5, 5), then again the first two cars are able to
park with no difficulty:
1 2 3 4 5 6
C1 C2
But car C3 will pass by all the parking spots after his preferred spot without seeing an empty
spot. Hence, this also fails to be a parking sequence.
The classical notion of parking function is obtained when all the cars have size 1, that is,
~y = (1, 1, . . . , 1). Note in this case that there are no possible collisions.
In the classical case, any permutation of a parking function is again a parking function.
This is not true for cars of larger size. As an example, note for ~y = (2, 2) that ~c = (1, 2) is
a parking sequence. However, the rearrangement ~c ′ = (2, 1) is not a parking sequence. This
shows that the notion of parking sequence differs from the notion of parking function in the
papers [2, 6, 7, 8, 12].
The classical result is that the number of parking functions is given by (n+ 1)n−1; see [5].
For cars of bigger sizes we have the following result:
Theorem 1.3. The number of parking sequences f(~y) for car sizes ~y = (y1, . . . , yn) is given
by the product
f(~y) = (y1 + n) · (y1 + y2 + n− 1) · · · (y1 + · · · + yn−1 + 2).
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2 Circular parking arrangements.
Consider M = y1 + y2 + · · · + yn + 1 parking spaces arranged in a circle. We will consider
parking cars on this circular arrangement, without a cliff for cars to fall off. Observe that when
all the cars have parked, there will be one empty spot left over. We claim that there are
M · f(~y) = (y1 + n) · (y1 + y2 + n− 1) · · · (y1 + · · · + yn + 1). (2.1)
such circular parking sequences. The first car C1 has M ways to choose its parking spot.
The next step is counterintuitive. After car C1 has parked, erase the markings for the
remaining y2+ · · ·+yn+1 spots and put in n+1 dividers. These dividers create n+1 intervals
on the circle, where one interval is taken up by C1. Furthermore, these dividers are on wheels
and can freely move along the circle. Each interval will accept one (and only one) car. For
example, consider the case where n = 5 and ~y = (2, 5, 1, 3, 2) so thatM = 2+5+1+2+3+1 = 14,
and c1 = 5.
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We will now create a circular parking sequence, but only at the end do we obtain the exact
positions of cars C2 through Cn+1. That is, instead of focusing on the number of specific spot
preferences each car could have, we keep track of the order the cars park in, which will then
determine the exact locations of the cars.
The second car has two options. The first is that it has a desired position already taken
by C1. In this case, it will cruise until the next empty spot. This can happen in y1 ways, and
then car C2 obtains the next open interval after the interval C1 is in. Otherwise, the car C2
has a preferred spot not already taken. In this case C2 has n open intervals to choose from.
The total number of options for C2 is y1 + n.
The third car C3 has the same options. First, it may desire a spot that is already taken,
in which case it will have to cruise until the next open interval. This can happen in y1 + y2
ways. Note that this count applies to both the case when C1 and C2 are parked next to each
other, and when C1 and C2 have open intervals between them. Otherwise, C3 has n− 1 open
intervals to pick from.
In general, car Ci has y1 + · · · + yi−1 + n + 2 − i choices. This pattern continues up to
Cn, which has y1 + · · · + yn−1 + 2 possibilities. For example, suppose C2 and C3 in our above
example have parked as below:
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Then C4 may either cruise on C1 and C3 (in y1+ y3 ways), it may cruise on C2 (in y2 ways), or
it can pick one of the three available intervals directly. In total, C4 has (y1 + y3) + y2 +3 = 11
ways to park.
One can imagine that when we park a car, we do not set the parking brake, but put the
car in neutral, so that the car and the dividers can move as necessary to make room for future
cars.
Thus the total number of circular parking arrangements of this type is
M · (y1 + n) · (y1 + y2 + n− 1) · · · (y1 + · · · + yn−1 + 2),
where the ith factor is the number of options for the car Ci. This proves the claim about the
number of circular parking sequences in (2.1).
Hence, to prove Theorem 1.3 we need only observe that the circular parking sequences with
spot M empty are the same as our parking sequences. This follows from the observation that
no car in the circular arrangement has preference M , since otherwise this spot would not be
empty. Furthermore, no car would cruise by this empty spot.
Observe that the set of circular parking sequences is invariant under rotation. That is, if
(c1, c2, . . . , cn) is a parking sequence, then so is the sequence (c1 + a, c2 + a, . . . , cn + a), where
all the additions are modulo M . In particular, the number of circular parking sequences with
spot M empty is given by 1/M ·M · f(~y) = f(~y).
3 Concluding remarks.
The idea of considering a circular arrangement goes back to Pollak; see [9]. In fact, when all
the cars have size 1, this argument reduces to his argument that the number of classical parking
functions is (n+ 1)n−1.
The idea of not using fixed coordinates when placing cars in the circular arrangement is
reminiscent of the argument Athanasiadis used to compute the characteristic polynomial of the
Shi arrangement [1].
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